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Introduction
If T is an operator induced (in some way) by a symbol f going from some Hilbert space to another Hilbert space, one is going to hope that individual properties of the symbol (such as smoothness or growth conditions) will give information on the properties of the operator (boundedness, compactness, or membership in Schatten-Von Neumann ideals). In the present paper, we will study this when dealing with Hankel operators on standard weighted Bergman spaces. For α > −1, the weighted Bergman space A 2 α consists of those functions f analytic on the unit disk D such that
where dA α (z) = (α + 1)(1 − |z| 2 ) α dA(z) and dA is the normalized area measure on D. The space A 2 α is a Hilbert space with reproducing kernel given by K z (w) = (1 −zw) −2−α ; it is also a closed subspace of L 2 (D, dA α ), and the orthogonal projection from L 2 (D, dA α ) to A 2 α is given by
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Given a function f ∈ L 2 (D, dA α ), the Hankel operator with symbol f is the linear operator
α . The operator H f is densely defined on A 2 α . For example, it is well defined in H ∞ , the algebra of all bounded analytic functions on D. The following integral formula is very useful when one is going to estimate the norm of a Hankel operator:
α .
It has been a lot of activity in the theory of Hankel operators on Bergman spaces in recent years, and this topic has become a classical theme in complex analysis and operator theory (see for example [1] , [3] , [4] , [10] , [11] , [13] , and [17] ). For Hankel operators with conjugate analytic symbols, that is Hf with f ∈ A 2 α , one has that Hf is bounded on A 2 α if and only if the symbol f belongs to the Bloch space; Hf is compact if and only if f belongs to the little Bloch space (see [1] , [2] ); and the membership in Schatten p-classes of the Hankel operator Hf is equivalent to the function f being in the analytic Besov space B p for 1 < p < ∞, and to f being constant when 0 < p ≤ 1. Therefore, for conjugate analytic symbols, the picture on the boundedness, compactness and Schatten p-classes is complete. However, the proof of the necessity and sufficiency of the condition f ∈ B p for Hf being in the Schatten class S p when 1 < p < 2 given in [1] is rather difficult and technical, and it is our aim to provide a more "elementary" proof of that result. Recall that, for 1 < p < ∞, the analytic Besov space B p consists of those functions f analytic on D for which
Also, if H and K are separable Hilbert spaces, a compact operator T from H to K is said to belong to the Schatten class S p if its sequence of singular numbers is in the sequence space p . Recall that the singular numbers of a compact operator T are the square root of the eigenvalues of the positive operator T * T , where T * denotes the adjoint of T . Also, the compact operator T admits a decomposition of the form
where {λ n } are the singular numbers of T , {e n } is an orthonormal set in H, and {f n } is an orthonormal set in K. For p ≥ 1, the class S p is a Banach space with the norm T p = ( n |λ n | p ) 1/p , while for 0 < p < 1 one has the inequality S + T We consider also the study of the boundedness, compactness and membership of Schatten p-classes of the Hankel operator H f for general symbols f ∈ L 2 (D, dA α ). In order to state the next result we need to introduce some notation. For z ∈ D and r > 0, let D(z, r) = {w ∈ D : β(z, w) < r} denote the hyperbolic disk with center z and radius r. Here β(z, w) is the Bergman or hyperbolic metric on D. Also, for any Lebesgue measurable set E in D, we use the notation |E| α := E dA α for the dA α -measure of E.
The following conditions are equivalent:
(c) For any (or some) r > 0, the function F r defined by
, and f 2 has the property that for any (or some) r > 0 the function G r defined by
is bounded on D.
Note that we can put α = 0 in the statements of parts (c) and (d) since the weight factor (1 − |z| 2 ) α in dA α (z) is essentially cancelled out by the extra factor ( 
2+α . The case α = 0 of Theorem 2 was proved by D. Luecking in [10] , who also noticed that the same proof also applies to the case −1 < α < 1, and that the only missing part for the weighted case is a proof of the implication (d) implies (a), and this will be our contribution. The proof uses ∂-techniques, and the main ideas for the proof were essentially given in [7] (see also the related papers [6] and [8] of the same authors), where the corresponding result for a class of weighted Bergman spaces is obtained. However, the standard weights (1−|z| 2 ) α are in the class considered in [7] only for α > 2, and also the statement that they give is for symbols in L 2 (D). We remark that K. Zhu in p.233 of his book [17] considers the question of describing the boundedness of Hankel operators with general symbols on weighted Bergman spaces as an open problem. Here we will use the appropriate modifications in order to obtain a unified proof for all α > −1. We also obtain the corresponding analogues for compactness and membership in Schatten-Von Neumann ideals.
Throughout the paper, the letter C will denote an absolute constant whose value may change at different occurrences. The paper is organized as follows: Section 2 is devoted to some preliminaries needed for the proofs of the main results. A proof of Theorem 1 is given in Section 3, and we study the boundedness, compactness and membership in Schatten classes of Hankel operators with general symbols f ∈ L 2 (D, dA α ) in Section 4. Finally, we look at little Hankel operators in Section 5.
Preliminaries
We will use the fact that for any orthonormal set {e n } of A 2 α , one has
with equality if {e n } is also an orthonormal basis.
The following integral estimate (see [17] ) has become indispensable in this area of analysis, and will be used repeatedly throughout the paper.
We also need some well known variants of the previous lemma. First recall that a sequence {z n } of points in the unit disk D is said to be separated in the Bergman metric if there is a constant δ > 0 such that β(z j , z k ) ≥ δ for all j and k with j = k. In particular, there is a constant r > 0 such that the hyperbolic disks D(z k , r) are pairwise disjoint. Lemma 2.2. Let {z k } be a separated sequence in D, and let 1 < t < s. Then
Lemma 2.3. Let c > 0 and t > −1. Then
The following solution of the ∂-equation will be a key ingredient in the proof of Theorem 2.
Proposition 2.4. Let 1 < p < ∞ and α > −1. Then the function
provided the right hand-side integral is finite.
Proof. The function u clearly satisfies the equation ∂u = f in D. The corresponding estimate will follow from Hölder's inequality and Lemma 2.3. Indeed, let ε > 0 with α − ε > −1 and α
Thus, Fubini's theorem and Lemma 2.3 gives
We also need the concept of an r-lattice in the Bergman metric. Let r > 0. A sequence {a k } of points in D is called an r-lattice if the unit disk is covered by the Bergman metric disks {D(a k , r)}, and β(a i , a j ) ≥ r/2 for all i and j with i = j. If {a k } is an r-lattice in D, then it also has the following property: for any R > 0 there exists a positive integer N (depending on r and R) such that every point in D belongs to at most N sets in {D(a k , R)}. 
It is well known (see [9] , or Theorems 7.4 and 7.7 in [17] for example) that the Carleson measures for A 
Proof of Theorem 1
Let f ∈ A 2 α and 1 < p < 2. We prove the necessity first. So, suppose that the Hankel operator Hf belongs to S p . We must show that f ∈ B p . Let β = (2 + α)p. By Theorem 5.21 of [17] , f ∈ B p if and only if
On the other hand, let Hf = n λ n ·, e n α f n be a decomposition of the operator Hf , with {λ n } being the singular numbers of Hf , and {e n }, {f n } are orthonormal sets in A 2 α and L 2 (D, dA α ) respectively. Then
Hence, by Hölder's inequality,
This, together with the fact that K z 2 α = (1 − |z| 2 ) −2−α and β = (2 + α)p, gives
Since Hf p Sp = n |λ n | p , it is enough to show that
for some positive constant C independent of n. Now, since p < 2, we can use Hölder's inequality with exponent 2/p > 1 to obtain
2−p . Now we use Hölder's inequality once again and Lemma 2.1 to obtain
Note that
Therefore, since f n L 2 (D,dAα) = 1, an application of Fubini's theorem and Lemma 2.1 yields
This finishes the proof of the necessity part. Now we proceed to prove the sufficiency of the condition f ∈ B p . Since B p is included in the little Bloch space, it follows that Hf is compact. We want to show that the Hankel operator Hf is in the Schatten class S p or, equivalently, that the positive operator S = H * f
Hf belongs to S p/2 . To this end, we fix a sufficiently large number b and use the atomic decomposition of A 2 α (see [17, Theorem 4 .33]) to find a separated sequence {z n } in D such that A 2 α consists exactly of functions of the form g(z) = n λ n h n (z), where
and g α ≤ C λ 2 for some positive constant C independent of {λ n }.
Fix an orthonormal basis {e n } for A Since Hf h n =f h n − P α (f h n ) is the solution of the equation ∂u = h n f with minimal L 2 (D, dA α )-norm, it follows from Proposition 2.4 that Hf h n α ≤ C M h h n α , where M h is the operator of multiplication by the function h(z) = (1 − |z| 2 ) 2 f (z). Therefore, it is enough to show that
Let {a n } ⊂ D be an r-lattice in the Bergman metric. Since |h n (z)| is comparable to |h n (a k )| for z ∈ D(a k , r) we obtain
Also, the subharmonicity of |f | p and the fact that
for each z ∈ D(a k , r) (see [17, Proposition 4.13] ). Recall that dλ(w) = (1 − |w| 2 ) −2 dA(w) is the hyperbolic metric in D. This together with the fact that p/2 ≤ 1 yields
Finally, since {z n } is a separated sequence, it follows from Lemma 2.2 that
This, together with the fact that |D(a k , r)
This completes the proof of the theorem. 
Hankel operators with general symbols
and the Hankel operator H f2 is bounded on A 
Since
, completing the proof of the boundedness of H f .
The corresponding result for compactness is the following one.
Proof. Since every function in C 0 (D) is bounded in D, each of the conditions implies the boundedness of the Hankel operator H f on A 2 α . We will prove only the implication (d) ⇒ (a), since the other implications are well known. Thus, suppose that f = f 1 + f 2 with (1 − |z| 2 ) ∂f 1 (z) ∈ C 0 (D), and |f 2 | 2 dA α being a vanishing Carleson measure for A 2 α . We will show that both H f1 and H f2 are compact. The condition on f 2 implies that the multiplication operator M f2 is compact from A 2 α into L 2 (D, dA α ) (see Theorem 7.8 in [17] ), and therefore the Hankel operator H f2 = (I − P α )M f2 is compact. To show that H f1 is compact, let {g n } be a bounded sequence in A 2 α that converges to 0 uniformly on compact subsets of D. Given any ε > 0, there exists 0 < r < 1 such that (1 − |z| 2 )|∂f 1 (z)| < ε, |z| > r, and we can choose a positive integer n 0 with |g n (z)| < ε, |z| ≤ r, n ≥ n 0 .
From the proof of Theorem 2 it follows that
≤ Cε for all n ≥ n 0 . This proves that lim n H f1 g n α = 0, so H f1 is compact from A 2 α into L 2 (D, dA α ) finishing the proof of the theorem.
The following result characterizes the membership of the Hankel operator H f in the Schatten classes S p for p ≥ 1. Recall that dλ(z)
is the hyperbolic measure on D.
α . The following conditions are equivalent:
, where for any (or some) r > 0 the function ) , and the function G r defined in Theorem 2 also belongs to L p (D, dλ).
Remark: For p ≥ 2, condition (b) can be replaced by the condition
and (d) can also be replaced by the condition (d2) f admits a decomposition f = f 1 +f 2 , where the function (1−|z| 2 ) ∂f 1 (z) belongs to L p (D, dλ) and for any (or some) r > 0 the function G r defined in Theorem 2 also belongs to L p (D, dλ).
Proof. Apart from the implication (d) implies (a), all the other implications are known (see [10] or [17, Theorem 8.36] ). So, suppose that (d) holds, that is, f = f 1 + f 2 , where the functions H r and G r both belong to L p (D, dλ). Since for any g ∈ H ∞ one has H f2 g α ≤ f 2 g α and H f1 g α ≤ C hg α with h(z) = (1 − |z| 2 ) ∂f 1 (z), it suffices to show that the multiplication operator 
Little Hankel operators
Let A 2 α be the space of conjugate analytic functions in
α is defined by the formula
The operator h f is unbounded in general. However, h f is bounded if f is bounded, and we clearly have h f ≤ f ∞ . In the study of little Hankel operators, it turns out that it is more convenient to study hf instead of h f . Throughout this section, let V α be the integral operator defined by
Recall that k z are the normalized reproducing kernels of A 2 α . For a given function f ∈ L 2 (D, dA α ), one has the identity hf = h cαVαf for some positive constant c α depending only on α, in the sense that hf g = h cαVαf g for all g ∈ H ∞ , which is dense in A 2 α (see [17, Chapter 8] ). The properties of V α f can be used in order to obtain descriptions of the boundedness, compactness and membership in Schatten classes of the little Hankel operator hf . In fact, it is proved in [5] and [14] that hf is bounded on A 2 α if and only if V α f ∈ L ∞ (D), and the compactness is characterized by the condition V α f ∈ C 0 (D). The corresponding description for the membership in the Schatten classes S p with p ≥ 1 is also obtained, and it is our aim to give a "more elementary" proof of that result, especially for the case 1 ≤ p < 2. Note that the proof we give below works also in the setting of the unit ball of C N , or other domains Ω in
Proof. Suppose that h f is in the Schatten class S p . Since |V α f (z)| ≤ h f k z α , the case p ≥ 2 follows from the well known fact that h f k z α ∈ L p (D, dλ) is a necessary condition for h f being in S p if p ≥ 2. What is curious is that the case 1 ≤ p < 2 can be proved in a similar way. Indeed, one has h f K z (w) = n λ n e n (z) f n (w), where {λ n } are the singular values of h f , and {e n }, {f n } are orthonormal sets of A 2 α and A 2 α respectively. Thus
λ n e n (z) f n , K z α
λ n e n (z) f n (z).
Since 1 ≤ p < 2, using Hölder's inequality and (2.1), we obtain This proves the necessity in the case 1 ≤ p < 2.
Suppose now that V α f is in L p (D, dλ). Since V α f (z) = (1 − |z| 2 ) 2+α h(z) with h analytic on D, this implies that h ∈ A it follows that V α f ∈ C 0 (D) proving that hf is compact. Next we proceed to show that hf is in S p . Since hf = h Vαf , it suffices to prove that h ϕ belongs to S p whenever ϕ ∈ L p (D, dλ). To see this, it is enough to prove that n | h ϕ e n , f n α | p < ∞ for all orthonormal sets {e n } and {f n } of A 
